Requirements of integrated photonics and miniaturisation of optical devices demand efficient nonlinear components not constrained by conventional macroscopic nonlinear crystals. Intrinsic nonlinear response of free carriers in plasmonic materials provides opportunities to design both second-and third-order nonlinear optical properties of plasmonic nanostructures and control light with light using Kerr-type nonlinearities as well as achieve harmonic generation. This review summarises principles of free-carrier nonlinearities in the hydrodynamic description in both perturbative and non-perturbative regimes, considering also contribution of nonlocal effects. Engineering of harmonic generation, solitons, nonlinear refraction and ultrafast all-optical switching in plasmonic nanostructures and metamaterials are discussed. The full hydrodynamic consideration of nonlinear dynamics of free carriers reveals key contributions to the nonlinear effects defined by the interplay between a topology of the nanostructure and nonlinear response of the fermionic gas at the nanoscale, allowing design of high effective nonlinearities in a desired spectral range. Flexibility and unique features of free-electron nonlinearities are important for nonlinear plasmonic applications in free-space as well as integrated and quantum nanophotonic technologies.
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materials, only selected, nonlinear materials exhibit considerable nonlinear optical effects at reasonable light intensities, and typically a long propagation length in a material is needed to achieve significant nonlinear effects. [1, 2] Recent development of integrated optics and miniaturisation of optical components and devices put forward new challenges for nonlinear optics at the (sub)wavelength scales, where geometrical constrains limit the applicability of conventional macroscopic nonlinear crystals and approaches which rely on phase matching or long interaction length between optical beams. At the same time, nonlinear effects are essential for optical signal processing in photonic integrated circuits.
In order to increase the efficiency of light-matter interactions in a linear domain, plasmonic modes in conductors and their nanostructures, including metal-dielectric metamaterials, have recently been widely used. [3] [4] [5] [6] [7] [8] [9] Plasmonic excitations, either propagating surface plasmon polaritons (SPPs) on extended metals surfaces or localised surface plasmons (LSPs) in metallic nanoparticles, are related to a coupled state of photons and coherent free-carrier oscillations near a conductor-dielectric interface. Plasmonic excitations provide electromagnetic field confinement near the interface and, as the result, the local field enhancement. This has profound consequences for nonlinear optical processes which depend on the local field intensity in a superlinear manner and, thus, can be strongly enhanced near the metal-dielectric interface in the presence of plasmonic resonances. [10, 11] Nonlinear plasmonics has been developed utilising the abovedescribed properties of plasmonic field, while also taking advantage of the nanoscale range of plasmonic modes enabling to achieve nonlinear response on subwavelength scales and, thus, being naturally compatible with integrated optics. There are two typical approaches: (i) to use the field enhancement provided by surface plasmons to induce a nonlinear response in nonlinear dielectric near the metal interface in hybrid metal-dielectric systems or (ii) to harvest the nonlinearity of plasmonic materials themselves. In the latter case, a nonlinear response originates from the dynamics of non-equilibrium free-electrons in the medium under the influence of strong electromagnetic field of the illumination. Indeed, the metal nonlinear response is one of the strongest per unit interaction length and fastest, with the
Free-electron Dynamics in Plasmonic Nanostructures

Linear Free-electron Dynamics
Optical properties of materials with high concentration of free carriers (electrons or holes), such as metals or highly doped semiconductors, as well as their films and nanostructures are governed by coupling of electromagnetic field to the coherent motion of free-carrier plasma. Comprehensive description of the carrier dynamics in a quasi-classical approach can be established considering a set of hydrodynamic-type equations treating the electron plasma as a charge fluid: [12] [13] [14] [15] m (∂ t υ + υ · ∇υ) + γ mυ = −e (E + υ × H) − ∇ p/n,
where n and υ are the hydrodynamic variables representing the carrier density and velocity, respectively, e and m are the electron charge and mass, respectively, γ is the electron scattering rate, E and H are the local electric and magnetic fields, respectively. In particular, the hydrodynamic model includes terms describing convective acceleration υ · ∇υ, Lorenz force enυ × H and quantum pressure ∇ p/n, the latter giving rise to nonlocal effects in both linear and nonlinear responses. The hydrodynamic electron dynamics can be derived from the Boltzmann equation [13, 16] or from density functional formalism [12, 17] , its advanced description can be obtained from quantum mechanical calculations. [18] The quantum pressure ∇ p/n, can be evaluated within the ThomasFermi theory of an ideal fermionic gas with p given by [12, 14] 
When treating the linear behaviour of the electron gas, the nonlocal term ∇ p/n in Eq. (1) is frequently represented after linearisation as mβ 2 ∇n/n 0 , where β is the spatial dispersion parameter and n 0 is the equilibrium electron density. How to determine a value of β 2 was a topic of extended discussions (for a comprehensive overview see Ref. [12] represents the dynamic pressure. [12] The hydrodynamic treatment was first used by Ritchie in his seminal work, [19] where he predicted the existence of surface plasmons. Considering the behaviour of the free-carrier gas in a plasmonic nanostructure under illumination with an electro- magnetic wave, the optical response can be calculated with a help of Eqs. (1) and (2) . For a finite height of the potential well in which the gas is located, the quantum effects related to spill-out of an electron gas in the potential barrier become important. [20, 21] The hydrodynamic model combined with the additional Lorentzian resonance terms, which describe the contributions from the interband transitions present in a medium, is capable to reproduce metal susceptibilities over the entire spectral range. [22] The mesoscopic hydrodynamic approach is integrable with electromagnetic modelling, enabling studies of large-scale electromagnetic systems with nontrivial geometries. It is worth noting that ab initio microscopic models while providing more quantitative results [23, 24] are extremely time-consuming due to the computation complexity involved [25] and in many cases limited to a low number of considered atoms, addressing the systems much smaller than accessible experimentally in vast majority of cases. Therefore, it is not surprising that the hydrodynamic model, much more robust from this point of view, was often and successfully applied to reveal a vast variety of nanoscale optical phenomena involving materials with free carriers.
In the first approximation, the terms responsible for convection, Lorenz and nonlocal response are usually dropped out, and the dynamics of free-electron gas under the excitation by an electromagnetic wave at a given frequency ω is described by the equation:
where E = E 0 exp(iωt) is the electric field component of the wave. This is a linear differential equation and, thus, the response of the electron gas is linear and harmonic, described by the displacement r = r 0 exp(iωt), with ∂ t r = υ. Knowing the displacement, it is easy to obtain the resulting equivalent dielectric polarisation of the gas, and finally the permittivity of the metal, which is given by the well-known Drude formula ε f r ee D
where ω p = ne 2 /(mε 0 ) is the plasma frequency. Introducing the permittivity related to core electrons ε cor e (ω) which takes into account the interband transitions, it can be rewritten as
A direct consequence, easily seen from Eq. (6) , is the peculiarity of optical properties of metal, when below a certain frequency the second term becomes greater than the first one, making the overall dielectric permittivity negative. This, in turn leads to the appearance of electromagnetic excitations specific to metallic nanostructures: localised surface plasmons and surface plasmon polaritons.
Surface plasmon polariton is a propagating surface wave at the continuous metal-dielectric interfaces (Figure 1a) . The SPP electromagnetic field has components both perpendicular to the metal surface and parallel to it (along the wavevector k(ω)) and exponentially decays on both sides of the interface, providing subwavelength confinement. [4, 26] The SPP dispersion is given by
where ε d is the permittivity of the dielectric adjacent to the metal. [4, 26] The dispersion of SPP waves calculated using the Drude formula (Eq. (5)) for the metal permittivity is presented in the inset to Figure 1a . At low frequencies, it is very close to the dispersion of light in the adjacent dielectric, corresponding to a weakly bounded surface wave, then passing through the truly polaritonic regime at high k asymptotically approaches ω SP = ω p / √ 1 + ε d line corresponding to non-propagating surface plasmons. As can be easily seen, SPP has a wave vector larger than that of a photon, which means that SPP is a slow wave accumulating energy from incoming photons and providing the field enhancement near the metal interface compared to the field of the incident light. The SPP dispersion and, therefore, the field confinement and enhancement can be modified by structuring the interface, either metal or dielectric medium, thus achieving plasmonic waveguides (structuring across the SPP propagation direction) [5, 27] or plasmonic crystals (structuring in the plane of the SPP propagation). [4] Localised surface plasmons (LSPs) are associated with the electron plasma oscillations in confined (subwavelength) geometries, e.g., metal nanoparticles (Figure 1b) Crosses correspond to the experimental data for Al. Reproduced with permission. [13] Copyright 1986, Springer-Verlag. b) Position of a surface plasmon resonance as a function of the nanoparticle diameter. Reproduced with permission. [35] Copyright 2013, Science Wise Publishing and De Gruyter. c) Extinction cross-section (normalised to the geometrical cross-section πr 2 ) of an Ag nanoparticle of decreasing radii calculated using: local response approximation (red dash-dotted lines), hydrodynamic model (blue dashed lines) and GNOR hydrodynamic model (black solid lines). Reproduced with permission. [33] Copyright 2015, IOP Publishing. d) Absorption cross-section spectra for an Ag nanoparticle with r = 1.5 nm calculated using: LRA -local response approximation, HW-HD -hard wall hydrodynamic model, SC-HD -self-consistent hydrodynamic model which takes into account the spill-out effect. Reproduced with permission. [39] Copyright 2015, Macmillan Publishers Limited.
depend on the particle size, shape and refractive index of surroundings. LSPs can be resonantly excited with light of the appropriate frequency irrespectively of the excitation light wavevector. For example, the fundamental dipolar plasmonic resonance of a spherical particle with a size much smaller when the wavelength corresponds to a dramatic increase in its polarisability:
which is defined by a minimum of the denominator and happens at the frequency approximately given by
Since LSPs are confined near the nanoparticle, they have a small mode volume and, therefore, provide a significant electromagnetic field enhancement, which is limited in the first approximation by their quality factor determined by Ohmic and radiative losses, as well as nonlocal effects in the case of ultrasmall sizes. The advanced description provided by the full hydrodynamic Eqs. (1)- (3) is more complicated. If all the equations are linearised, then for a plane wave propagating along an arbitrarilychosen z direction, the hydrodynamic permittivity presents a tensor [12] 
Here, the tensor signifies different permittivity values for the transverse and longitudinal electric field components allowed in the medium, while the medium is strictly isotropic,
being the high-frequency permittivity of the metal and for the simplicity the frequency dependence of ε cor e (ω) was omitted. Applying this model to the surface plasmons and taking for simplicity γ = 0 (lossless case) and ε ∞ = 1, it can be found that the nonlocal corrections bring essential modifications to the high-frequency (surface plasmon) part of the SPP dispersion, which becomes dependent on the wave vector: [12, [28] [29] [30] [31] 
which is the Ritchie formula. Typical metals and semiconductors exhibit self-consistent changes of the electron densities near the surface, which leads to a more sophisticated plasmonic www.advancedsciencenews.com www.lpr-journal.org dispersion models showing a good agreement with the experimental data (Figure 2 ). [12, 32] In the past, optical properties of mainly bulk and macroscopic objects were studied and the Drude description was proven to faithfully describe their properties. With the availability of metal nanostructures and nanoparticles, with their subwavelength characteristic sizes, the deviations from the Drude model become more pronounced due to the increased relative contribution of other terms in the hydrodynamic model (Eq. (1)), which is especially pronounced when considering nonlinear response of the nanostructures. However, the full hydrodynamic description given by Eqs. (1) and (2) also proved to be an invaluable tool for understanding linear optical properties of metallic nanostructures, particularly when their size reaches truly nanometric scale. [33, 34] In this case, the Lorenz and convection terms in Equation (1) are omitted, as purely nonlinear, while the quantum pressure term is linearised to the form mβ 2 ∇n/n 0 and being proportional to the gradient of the carrier density introduces nonlocal corrections. The influence of nonlocality, particularly dramatic in nanoscale geometries, can already be seen in the most classical example of plasmonic resonances in metallic nanoparticles, resulting in their essential blue-shift as the radius of the nanoparticle r approaches 5 nm (Figure 2a) . [35] [36] [37] In the full hydrodynamic description this can be successfully described by the resulting modification of the nanoparticle polarisability [35] α
by a nonlocal correction
where
is the wavenumber of an additional wave, now allowed to be excited in the nanoparticle, and j 1 is the spherical Bessel function of the first order. The excitation frequency of the dipolar resonance is given by the pole of polarisability in Eq. (12):
where air was taken as the surrounding medium. Thus, the influence of the nonlocality increases with the size decrease. Figure 2b shows that the resonant shift derived from the hydrodynamic theory describes the experimental results obtained by electron energy-loss spectroscopy very well. In the generalized nonlocal optical response (GNOR) hydrodynamic model [33, 38] , an electron diffusion term e D∇n (D is the diffusion constant) is incorporated in the continuity Eq. (2), resulting in a well-known convection-diffusion equation
The constitutive relation between the current J = −enυ + e D∇n and the electric field E can be determined after linearisation of Eqs. (1) and (16):
is the usual Drude conductivity. If GNOR is applied to a plasmonic resonance in a metallic nanoparticle, the first term in the nonlocal term pre-factor leads to a shift in the resonance position (returning Eq. (15)), while the second, diffusion-related term, leads to a correction to the imaginary part of the dipolar resonant frequency
resulting in the increase of a resonant peak width ( Figure 2c ) [33] (as confirmed with the authors of References [33] and [38] , the correct coefficient in the second denominator of Eq. (18) is 12 and not 24 as in Ref. 38) . It must be stressed that the correction related to the broadening has a purely nonlocal nature and is not related to any modification of the dissipative term γ mυ, which is incorporated in σ D . Within the same approach, the requirement of an infinitely high potential barrier at the nanostructure boundaries (a hard-wall condition) can be relaxed, allowing for the electron spill-out effects, which leads to further elaboration of the LSP resonance position. In this respect, it was shown that the nonlocal correction and the spill-out effects have counteracting influences (Figure 2d ). [39, 40] In the treatment of the spill-out effects careful consideration should be given to the calculation of the spatial dependence of the equilibrium electron density, to which the results are very sensitive. [41] Other examples of linear nonlocal hydrodynamic effects include the modification of the molecular fluorescence [42] as well as the plasmonic field confinement and enhancement [43] [44] [45] [46] , the latter effects lead to the re-evaluation of SERS efficiency [47] and are also important in the context of nonlinear optics. For a recent review on the linear nonlocal hydrodynamic phenomena we refer the reader to Ref. [33] .
Nonlinear Free-Electron Dynamics
It is in nonlinear optics where the hydrodynamic description plays the crucial role, since the electron gas acts as the very source of the nonlinearity. Indeed, the interaction of electromagnetic fields with nano-objects made of arbitrary nonmagnetic materials is described in terms of the induced polarisation P(r, t) via the wave equation [48] ∇ × ∇ × E (r, t)
where E(r, t) is the electric field, c is the speed of light in vacuum, and μ 0 is the vacuum permeability. In general, the spatio-temporal polarisability holds all the information on both linear and nonlinear responses of the material, also including its 
The crucial observation is that the full hydrodynamic description for the polarisation leads to inherently nonlinear behaviour. As it follows from Eqs. (1) and (2), which are nonlinear in their nature in terms of the hydrodynamic variables n and υ, the harmonic excitation of a free-electron gas results in the generation of higher harmonics in the polarisation current J described by n and υ. The harmonics are further intermixed in the resulting electronic polarisation (Eq. (20)), which acts as a source term for the generation of nonlinear harmonic fields (Equation (19) ). The set of nonlinear hydrodynamic equations (Eqs. (1) and (2)) provides a self-consistent formulation of nonlinear optical processes originating from free-carriers in plasmonic systems. The effects of both surface nonlinearities and nonlocality are taken into account via the boundary conditions imposed by the Maxwell's equations and vanishing current perpendicular to the metal boundaries. In a perturbative regime of lightmatter interactions (weak pump field), the leading nonlinear polarisability is of the second order with respect to the hydrodynamic variables and is the result of the convective acceleration term υ · ∇υ, the magnetic component of the Lorentz force −eυ × H, quantum pressure term ∇ p/n in Eq. (1) , and the nυ term in Eq. (20) [49] (see Section 4.1). Beyond the perturbative regime, at very high peak excitation powers, higher-order nonlinear terms in the hydrodynamic description of the electron gas need to be considered, resulting in the intermixing of bulk and surface nonlinear effects, which will be discussed in Section 6. The collective action of these terms ultimately defines the nonlinear optical response of metals and other plasmonic materials with high concentration of free carriers under visible and infrared light illumination, away from the spectral range of interband transitions. In particular, predictions of second-order nonlinear optical properties [14, 49] and Kerr-type nonlinearities, [50] based on the hydrodynamic method, qualitatively agree with the experiments. Universal properties of all types of plasmonic nanostructures important for nonlinear optical applications are (i) the field enhancement near the metal surface compared to the free space field of the exciting light, (ii) strong sensitivity to the refractive index changes near the metal surface, [19] and (iii) possibility to engineer SPP mode dispersion or LSP resonances by controlling nanostructure geometry and dielectric surroundings. Thus, the resonant response can be tuned to the required operational wavelength where nonlinear response needs to be enhanced. Intrinsic nonlinearity of free-electron systems is also extremely fast with the response time determined by the electron relaxation within the conduction band, [9] and, thus, provides opportunities for the implementation of ultrafast all-optical effects for modulating and switching of light with light.
Basic Notions of Nonlinear Optics
Nonlinear optical interactions are relatively weak and require high light intensities to observe. The field of the incident light can however be significantly enhanced by coupling it to material structures with a resonant electromagnetic response. In particular, the electromagnetic field of plasmonic excitations is localised at the sub-wavelength scales near metal-dielectric interfaces, that provides significant field enhancement and can boost nonlinear optical effects. Generally, nonlinear optical phenomena are proportional to higher powers of the driving field (e.g., a power of two for second harmonic generation (SHG) which is a second-order nonlinear process) and the induced polarisation can be expressed as [2] P (ω) = P (1) 
with
where ε 0 is the permittivity of vacuum, E(ω i ) are the electric fields of the monochromatic components of the fundamental field with corresponding frequencies ω i , and χ (n) are the nth-order optical susceptibility tensors (χ (1) is the tensor of linear optical susceptibility). The first terms in Eqs. (23) and (24) represent a bulk nonlinear response in an electric dipole approximation, while the second terms (P (2) and P (3) ), which include spatial derivatives of the fields and the nonlinear susceptibilities, represent nonlocal nonlinear response. Particularly, for the second-order nonlinear polarisation P (2) (ω), the latter includes magnetic dipolar and electric quadrupolar contributions. [2] 
Coherent Nonlinearities
Applying Eqs. (21)- (24) to the case of a monochromatic fundamental field, in the electric dipole approximation one can obtain
, where E (nω) is the field of the generated nth harmonic, and E loc (ω) is the local fundamental field at the place where the harmonic is generated. This local field is characterized by a frequency and position dependent enhancement factor L (ω, r) = E loc (ω, r)/E 0 (ω), where r defines the position near (or in) the metal, which is related to the polarisability of the nanostructure. [51] Thus, the effective nonlinear susceptibility can be significantly increased near the resonances of the plasmonic structure where the local electric field is enhanced. The generated nonlinear harmonic near-field as well as its radiation in the farfield, can be further enhanced if the electromagnetic resonances [52] 
, which can be alternatively recast in terms of the effective nonlinear susceptibility χ
. This motivates the quest for the local electromagnetic field enhancement achievable with various nanostructures, and plasmonic nanostructures, providing very high local electromagnetic fields, are perfect candidates for the realisation of novel concepts for the augmentation of nonlinear effects. [10] It should be noted, however, that in addition to the field enhancement, the spatial overlap of the modes at the fundamental and harmonic frequencies and their phase relations are important for efficient harmonic generation from nanostructures. A typical example is the phase-matching for SHG for propagating waves in bulk crystals (its analogue for localised modes [53] is discussed below in Section 5.2).
Kerr-type Nonlinearities
The Kerr-type nonlinearity can be described by the changes of the permittivity of the material under the action of control light E c (ω c ) and can be easily obtained from Eqs. (21) and (24) keeping the leading third-order nonlinear term:
Plasmonic excitations are extremely sensitive to the refractive index changes either in the metallic structure itself or in the surrounding material. [54] [55] [56] This property can be exploited to control light with light, when a control beam induces the nonlinear change, modifying the plasmonic resonances and through them the propagation of a signal beam in waveguides or transmission or reflection of light from plasmonic nanostructures.
Under illumination with the control light, the third-order Kerr-type nonlinearity leads to the intensity-dependent refractive index n(I) = n 0 + γ |E loc (ω c )| 2 and absorption α(I) = α 0 + β|E loc (ω c )| 2 , where n 0 and α 0 are the linear refractive index and absorption, respectively, |E loc (ω c )| 2 is the intensity of the control light, and γ and β are the nonlinear refraction (sometime also called n 2 ) and absorption coefficients, respectively. The introduced changes in n(I) and α(I) can be used to alter phase or absorption, respectively, of the signal light at a different frequency interacting with the nanostructure (the so-called crossmodulation). The strong beam can also influence itself via the same effects, leading to the so-called self-modulation. The local fields can be related to the polarisability of the plasmonic nanostructures in the same way as discussed above, and the effective nonlinear refraction and absorption coefficients can be introduced. The field enhancements inherent to plasmonic resonances, facilitate this nonlinear effect lowering the required control light intensities.
Plasmonic Metals as Nonlinear Materials
Free-electron plasma in metals and other plasmonic materials itself exhibits a strong nonlinear optical response due to complex dynamics of the electron gas in the inhomogeneous driving electromagnetic field. Free-electron nonlinearities provide one of the largest effective nonlinear susceptibilities and lead to a vast family of intriguing nonlinear phenomena. Furthermore, metallic nonlinearities are inherently ultrafast allowing processing of optical signals at up to a femtosecond timescale, which is the second advantage of nonlinear plasmonics.
In terms of coherent nonlinearities, even-harmonic generation is forbidden in the dipolar approximation in centrosymmetric materials but significant surface contributions are observed. With the decrease of the nanostructure size, additional contributions from the bulk electron gas may arise due to inhomogeneous field and nonlocal effects. Unfortunately, even modern experimental data on the nonlinear response of metallic nanostructures from different sources are not always consistent because of the strong dependence on hardly controllable parameters, such as surface imperfections, nanostructure geometry variations, crystalline structure and other.
Kerr-type nonlinearities, which are predominately determined by heating of the electron gas (its energy redistribution in a conduction band), strongly depend on the energy supplied by the light to the electron plasma and, therefore, are strongly affected by the pulse energy and duration in terms of their values and time-response, varying over several orders of magnitude.
[57] They also may depend on the size of the particles and thickness of a metal layer due to modification of the electron scattering rate in nanostructures. [58] [59] [60] Both coherent and Kerr-type nonlinearities of metals may originate from several families of physical effects. One is related to the nonlinear dynamics of the free carriers plasma and is present in all spectral ranges. [49, 61, 62] Another important contribution comes from the interband electronic excitation, when the driving field excites electrons from the valence band to conduction band of the metal. [63] This nonlinearity is strong due to high efficiency of the absorption process but has a spectral range limited to the interband optical transitions. Recent experimental reports and theoretical approaches, relevant to those nonlinear mechanisms will be reviewed hereafter.
Perturbative Description of Coherent Nonlinearity of Metals
While Eqs. (1) and (2) can be directly used to describe the nonlinear response in the most general non-perturbative manner (as will be done in Section 6), a perturbative treatment allows to elucidate physics behind it. In order to solve the hydrodynamic equations in the case of relatively weak illumination intensities, small nonlinear corrections to the hydrodynamic variables can be assumed. Then, the hydrodynamic variables of the free-electron gas in Eqs. (1) and (2) can be represented as [14, 49] n (r, t) = n 0 + n 1 (r) e −ωt + n 2 (r) e −2ωt + c.c.
where n 0 is the steady state nonperturbed density of the electron gas, n u (r) and υ u (r) (u = 1, 2, · · · ) are the perturbative corrections to the electron density and velocity, respectively, appearing due to nonlinearity of the hydrodynamic equations. This translates into similar modifications of the polarisation P(r, t) (Eq. (20)): 
Here E i (r) and H i (r) are the high-harmonic perturbative corrections to the local electric and magnetic fields, respectively. Expressing the hydrodynamic Eqs. (1) and (2) in terms of polarisation P(r, t) [14, 22, 28] and expansions given by Eqs. (28)- (30), one obtains the fundamental and second harmonic polarisations taking the zero-and the first-order perturbation terms [14, 48] 
which, coupled with the Maxwell's equations
formulate the full set of equations for the calculation of the second harmonic response. The first term in Eq. (31) and (32) proportional to υ 2 F /3 describes the linear nonlocal response for both first and second harmonic fields, while the components of S NL 2 , which depend on the field derivatives, result in a nonlinear nonlocal response. Similar equations can be written for the higher perturbative orders, e.g., for third and higher harmonic generation.
In the case of small losses (γ ω), Eqs. (31)- (33) can be simplified to reveal the physical nature of the second harmonic nonlinear polarisation. [14] Considering separately a thin sub-nanometre layer near metallic surface where the screening charge is accumulated (and, thus, the nonlocal effects are important) and the bulk of the metal, the second harmonic nonlinear source P 2 can be presented as a sum of the contributions from a near-surface layer
and bulk of the conductor
where χ (2) ,s ur f ⊥⊥⊥ and χ (2) ,s ur f ⊥ are the surface second-order nonlinear susceptibilities, χ (2) ,bulk is the bulk second-order nonlinear susceptibility, E 1,⊥ and E 1, are the components of the local fundamental field, normal and tangential to the surface, respectively. These terms were introduced by Rudnick and Stern [64] using phenomenological parameters, which were estimated from the hydrodynamic approach with nonlocal linear response as [14] χ (2) ,s ur f
where ε D (ω) is the permittivity of the metal in the simplest case considering ε cor e (ω) = 1 and a is the coefficient defined by the solution of the hydrodynamic equations in the screening region. The exact value of the latter was not calculated in Ref. [14] , though it was stated that |a| is of the order of unity or less, but can be increased if the frequency of the second harmonic is close to the effective plasma frequency near the interface. The value of a can be determined from the comparison with the experiments. Expressions for surface and bulk nonlinear coefficients without any additional phenomenological parameters can be obtained neglecting nonlocality in the linear optical response. [65, 66] Even without the latter assumption, the second-order surface nonlinear currents can be expressed only in terms of bulk linear polarisation components, calculation of which do not require the resolution of the nonlocal equations. [67] The bulk contribution can be also included into surface components, redefining them as χ
. [68] The above considerations were developed for a lossless hydrodynamic model. The additional term in the nonlinear susceptibility of isotropic and centrosymmetric bulk materials δ (2) ,bulk (E 1 · ∇)E 1 can be derived in the framework of the hydrodynamic model by including the Ohmic losses. [66] Experimentally, the term δ bulk (E 1 · ∇)E 1 was observed for metals using two-beam SHG experiments. [68] It was shown that this term can be represented with surface electric and magnetic currents, [69] which can be useful in the numerical treatment of the problem. The consideration of a lossy medium also leads to scaling of other nonlinear coefficients as γ /ω. In Ref. [66] , the influence of the interband transitions was additionally taken into account, which can be important for matching the experimental observations. [70] 
Kerr Nonlinearity of Metals from the Hydrodynamic Model
Kerr nonlinearity coefficient can also be directly derived from the hydrodynamic equations. The physical interpretation of the effect is adopted from plasma physics and relies on the introduction of conservative ponderomotive potential. Introduction of the effective potential enables reformulation of the problem of collective interaction of the electron gas and adoption of a single electron description. [71] A nonlocal ponderomotive (GaponovMiller) force [72] can be derived from the electron motion in a nonuniform electromagnetic field and is given by 
As can be seen both from the above expression and from a detailed analysis of electron motion in a single particle representation, electrons will be pushed away from the region of the high field intensity. Consequently, electron concentration at the regions of high intensities will be reduced and, as the result, the real part of the local permittivity, which can be obtained in the framework of the Drude model, will become less negative. The process of the electron plasma dilution is balanced by restoring forces applied on an electron by surrounding carriers. The intensity-dependent permittivity then is given by [50] 
where ε D (ω) is the permittivity of metal in the simplest case considering ε cor e (ω) = 1 and χ P M is the nonlinear ponderomotive susceptibility. This Kerr-like coefficient is highly dispersive and for telecom wavelengths is on the order of 10 −18 m 2 /V 2 , comparable with that of nonlinear glasses. Apart from Kerr solitons, this type of nonlinearity could lead to an intensity-dependent cutoff for SPP modes. [50] 
Kerr-type Nonlinearity of Metals: Thermal Response of Fermionic Gas
Light absorbed by metal either directly due to interband absorption or via excitation of surface plasmons followed by their fast (10 fs timescale) decay into hot electron excitations, leads in the first instance to modification of the electron distribution in the conduction band. The electron-electron scattering processes (10s-100s femtoseconds scale) that follow thermalise this nonequlibrium distribution establishing an excited state with the electron distribution at an elevated electron temperature. Electronphonon scattering (on a picosecond timescale) converts this electron temperature into an increased material (lattice) temperature. The increase in the electron temperature can easily reach several thousands of Kelvins, but for the ultrashort pulses on femtosecond and picosecond timescales with reasonable energies, the material temperature changes are often negligible. During several hundreds of femtoseconds before the electron temperature increase is dissipated through the electron-phonon interaction, the optical properties of metal are dramatically changed, with both real and imaginary parts of the permittivity being modified as both are determined by the electron temperature.
Metal permittivity in this case can be represented within the random phase approximation that includes the dependence of the electron scattering on both electron (T e ) and lattice (T L ) temperatures. [73, 74] Within this approximation, the intensitydependent permittivity can be described as the sum of the intraband permittivity and interband permittivity ε M = ε intr a + ε inter , which are dependent on the electron intraband (within the conduction band) and interband (in the case of Au, from the d-band Figure 3 . Transient electron dynamics in bulk gold for 200 fs (solid lines) and 3 ps incident Gaussian pulses (dashed lines). When pump power P is absorbed, giving rise to the absorbed power density P A , the latter creates the nonthermalised electron density determined by the electron response function h th (presented in the inset). Then, nonthermalised electrons are converted to the thermalised hot electrons described by the temperature elevated by T e with respect to the lattice temperature. P and T e are ultimately directly connected through the electron-temperature transient response function h T (inset). Reproduced with permission. [58] Copyright 2016, American Chemical Society.
to the conduction sp-band) transitions, respectively. The latter term can be reduced to a hydrodynamic Drude-like model (see Section 2.1) as
where γ intr a (ω, T e , T L ) related to both electron-electron and electron-phonon scattering, and the dependence of the bulk plasma frequency on the lattice temperature comes from possible thermal expansion of the nanostructure. The consideration of the interband transitions, which can be described using the random phase approximation [75, 76] and also results in the smearing of the Fermi distribution of the free carriers, is beyond the scope of this review devoted to free-electron nonlinearities. It should be noted that the nonlinear response related to the interband transitions also depends on electron and lattice temperatures.
The nonlinear response described by the two-temperature model depends on the excitation and probe pulse durations if they are comparable to the characteristic times of the electron relaxation processes. [58] The excitation pulse is absorbed by the metal almost instantaneously so that the mean absorbed power density follows the shape of the incident pulse (Figure 3) . The rise of the thermalised electron energy density is delayed by 100s of fs as the hot electrons release their energy and thermalise with a characteristic time determined by electron-electron and electronphonon scattering rates. For short pulses (ß100 fs), the rise of the electron temperature on the leading edge of the pulse is governed by the characteristic decay time of the nonthermalised electrons, while on the trailing edge it is governed by the characteristic relaxation time of the thermalised electrons. Then increased lattice temperatures dissipates on a multiple-picosecond scale until the ground state thermal equilibrium is reached. Instead, for long (>ps) pulses, the characteristic time scales of the electron dynamics become too fast for a pulse to experience any effects of the delayed responses, therefore, it experiences a quasi-instantaneous nonlinear response from the thermalised electrons. The interplay between the pulse duration and timescale of different relaxation processes determines for how long the pulse interact with the excited electron gas and the values of nonlinearity varies widely for [57] The relaxation time of the nonlinear changes depends on the energy supplied by light to the metal (the scattering rates and electron and lattice heat capacities are temperature dependent), as well as on the geometric and modal structure of the plasmonic system and thus can be controlled by nanostructuring, although in a limited range. [77] 5. Harmonic Generation in Plasmonic Nanostructures: Perturbative Picture
Second Harmonic Generation
The investigation of second harmonic generation from nanostructures made from centrosymmetric metals [78] started with studies of SHG from flat or curved surfaces [14, 49, 64, 65] and nanoparticles. [79, 80] The derived theory of the process related to the anharmonic response of the free electron gas based on the hydrodynamic model revealed both surface and bulk contributions. In the following studies, a substantial attention was devoted to determining the relative contribution of these terms for various nanostructures and finding the leading nonlinear mechanisms (Figure 4a) . [22, 48, [66] [67] [68] [69] [70] [81] [82] [83] The surface contribution defined by χ s ur f ⊥⊥⊥ component is usually considered dominant, but the particular balance between various nonlinear sources is ultimately defined by the nanostructure geometry and material, as well as the fundamental and SHG frequencies. A typical SHG field map generated by a metallic nanowire with a square crosssection is shown in Figure 4b . Comparison with the experimental results for spherical nanoparticles shown that a direct application of nonlinear susceptibilities given by Eq. (39) with a = 1 produces only a rough fit to the observed data, but a good agreement can be achieved adjusting the relative impact of the terms in Eq. (39) . [70] Generally, for spherical nanoparticles, SHG was found to be a superposition of dipolar and quadrupolar contributions (both originating from the retardation effects), [84] [85] [86] the importance of higher-order multipoles for larger particles was also predicted. [83] Following the experimental observations, major mechanisms for the ordinary dipolar SHG contribution (with an induced SHG dipole along the polarisation direction of the illuminating light), forbidden for an ideally symmetric structure were proposed. [87, 88] Particularly, non-centrosymmetric shapes of the particles were invoked to explain the experimental results. [89] Near-field SHG was studied with near-field excitation and detection, and was correlated with the surface topography. [90, 91] For a broad review of various experimental and theoretical studies of SHG from metallic nanostructures see Ref. [78] .
The strategy of getting a qualitative increase of SHG from centrosymmetric metals by designing nanostructures of asymmetric geometrical shapes was identified. [89, 92] It was found that in order to make it efficient, the SHG engineering should rely on a certain selection rule, expressed in a semi-empirical criterion as [93] [94] [95] [96] [97] 
where E 2 is the SHG field, χ
is the surface nonlinear susceptibility tensor component, considered to be the dominant SHG source, E mode 1,⊥ and E mode 2,⊥ are the components of the fields perpendicular to the metal-dielectric boundary for the modes at the fundamental and SH frequencies, respectively, and the integration is performed over the nanostructure surface. Particularly, this approach was used to optimise SHG from multiresonant coupled nanoantennas (Figure 4c) . [95] Exploiting the double-resonant condition (when the nanostructure has resonances both at the fundamental and SHG frequencies) and establishing a proper overlap between the modes, the SHG from a V-shape/rod structure was significantly enhanced (Figure 4d) . The SHG efficiency can be further increased by obtaining a beneficial symmetry of the local fundamental field. [98] This "selection" rule was also extended to the SHG studies from noncentrosymmetric metasurfaces. Other, more exotic scenarios, such as SHG from metamaterials with backward phase-matching were also considered. [99] SHG can also be enhanced through the excitation of magneticdipole resonances, as in, e.g., metamaterials based on the arrays of split-ring resonators (SRRs). [100] SRRs have a magnetic-dipole response leading to the resonant enhancement of local magnetic fields, which results in a significant increase of the SHG polarisation related to the Lorenz nonlinear term in the hydrodynamic model (−e · υ × H term in Eq. (1)). Nevertheless, the SHG signals from the SRRs for both magnetic and electric dipoles have been measured with comparable values (Figure 4e) . [101] The time-domain numerical simulations based on the hydrodynamic model show that in addition to the Lorenz term, the convective acceleration term (m · υ · ∇υ) plays a significant role in this type of nanostructures, accounting for 68% and 81% of the SHG power in SRRs and complimentary SRRs, respectively. [101] Finally, it is important to mention that SHG can be strongly affected by the roughness. In the case of metallic films, this was studied both experimentally and theoretically. [102] The main features in the spatial distribution of SHG were discussed in terms of the roughness-assisted SPP generation as well as the LSP hot spots. [103, 104] For metallic nanostructures, it was numerically shown that small deviations from an ideal form due to asymmetry related to limited fabrication capabilities or surface roughness lead to significant changes in the radiated SHG, even if the linear response of the nanostructures is barely modified. From this point of view, SHG provides a very sensitive tool for the optical characterisation of plasmonic nano-objects and surfaces. [104] [105] [106] Third harmonic generation (THG) from metallic nanostructures was initially investigated on the examples of flat surfaces and spherical nanoparticles. [107, 108] The advantage of the plasmonic approach was used to demonstrate THG enhanced by the multipolar resonances either in individual metallic nanostructures [109, 110] or the resonant modes of 2D patterned metal surfaces. [111] [112] [113] THG in metamaterials [22] and other enhancement mechanisms, such as those involving interband transitions [114] and phase-matching in a plasmonic waveguide [115] were also considered.
Nonlinear Coupling of Localised Plasmonic Resonances of a Nanoparticle
The implementation of the perturbative hydrodynamic description allows the derivation of a fundamental criterion for www.lpr-journal.org efficient generation of localised second harmonic modes at the nanoscale. [53] In the most general case, an arbitrarily shaped metallic nanostructure is studied, and a plasmonic resonance with a field distribution
is considered to be excited at a fundamental frequency ω. According to Eqs. (32) and (33), the fundamental field induces secondorder nonlinear polarisation which excites localised SH modes
where A i (t) are the slowly varying (in comparison to ω) amplitudes of the multipoles, F i (r) and γ i are their normalised spatial mode distributions and damping coefficients, respectively. Substituting these expressions in Eq. (35) and using the SHG polarisation taken from Eqs. (31)- (33) for a lossless local case, one obtains the following expression for the evolution of the i-th localised SHG mode:
where σ and τ are the surface charge and surface dipole densities of the modes, S is the surface area of the nanostructure and V is its volume, the integration is performed over the nanostructure surface. The highest efficiency of the excitation will occur for the modes which maximise the overlap integral in the curly brackets of Eq. (47). Moreover, the multiplication factor of S/V shows explicitly the proportionality of the nonlinear process efficiency to the surface-area-to-volume ratio of the nanoparticle, emphasising the advantage of nanoscale geometries. Note that the nonlinear interaction here has a purely surface origin, supporting the experimental results reported in Ref. [87] and elsewhere. The conversion efficiency of the nonlinear optical processes is usually linked to the local field enhancement since nonlinear polarisabilities are proportional to a certain power of the driving field. Here, a similar link can be made: high surface charge and dipole densities lead to high local electric fields. The "matching" integral in Eq. (47) may reach high values if these surface functions are spatially overlapped, meaning that the corresponding local fields of first and second harmonics also have a significant overlap. In particular, noncentrosymmetric particles can generate the second harmonic more efficiently. In our case, proper matching of parameters can maximise the spatial overlap integral in Eq. (47), resulting in more efficient SHG. The importance of matching was demonstrated on an example of localised mode coupling in an elliptical metallic nanoparticle. Equation (47) predicts a vanishing excitation efficiency for a second-harmonic dipole mode orthogonal to the fundamental dipole mode, since the surface integral of τ
2 is zero (Figure 5) . At the same time, for the quadrupole mode this overlap is nonzero, meaning that it may indeed be excited if its resonance frequency Figure 5 . Distribution of surface charge density (left column) and the related surface dipole density (right column) for different plasmonic resonances of the spheroidal particle with the aspect ratio 1:1:1.6 for a,b) zpolarised dipolar resonance, c,d) x-polarised dipolar resonance, and e,f) zpolarised quadrupolar resonance. Reproduced with permission. [53] Copyright 2012, The American Physical Society.
is twice that of the fundamental dipolar mode, which can be adjusted varying the ellipsoid geometrical parameters.
SHG from Coupled Nanostructures
Assembling plasmonic nanostructures in arrays has led to the development of artificial optical materials, metamaterials, with engineered optical properties beyond those that could be found in nature. In nonlinear optics, metamaterials present a new paradigm for a material platform providing nonlinear effects orders of magnitude higher than in naturally occurring media. [74, 116, 117] Here, however, it appears another level of complexity. Both linear and nonlinear properties of such materials are defined not only by that of individual structures, 'meta-atoms', forming the metamaterial, but also by coupling among them (Figure 6a and b) . [118] For example, for the SRR-based metamaterials, the highest effective second-order nonlinearity is observed for an optimal separation between meta-atoms (Figure 6d) determined by the interplay of the effect of the decrease in the concentration of the meta-atoms for larger separations and the increase of the resonance damping for smaller separations due to the coupling effects among SRRs (Figure 6c) . The abovementioned double-resonance condition can also be realised in SRR-metamaterials, leading to the spectral dependence of SHG for a rectangular array of SRRs (Figure 6e ) predicted from the hydrodynamic model (Figure 6g) , which is in an excellent agreement with the experimental results (Figure 6f) . [118, 119] . . Adapted with permission. [118] Copyright 2012, The American Physical Society. e) SEM image of a rectangular SRR array. f,g) Dependence of the SHG intensity on the fundamental wavelength and the horizontal lattice constant: (f) experimentally measured, (g) numerically calculated using the hydrodynamic model. Reproduced with permission. [119] Copyright 2016, Springer.
In the other type of metamaterials, hyperbolic plasmonic metamaterials formed by arrays of vertically standing metallic nanorods, coupling between the nanorods results in the formation of waveguided modes which have significant influence on the SHG spectrum and efficiency, being an analogue of the double-resonant condition. [120] The hyperbolic nature of the metamaterial provides an abundant spectrum of the waveguided modes with multiple resonances in infrared and visible spectral ranges. The sensitivity of the SHG response to the interaction between the meta-atoms can be used in SHG-based tomography for the ultrasensitive determination of a nano-object position within the metamaterial. [121] 6. Harmonic Generation from Metallic Nanostructures in Non-perturbative Hydrodynamic Description
SHG and THG from Metallic Nanostructures in Non-perturbative Hydrodynamic Description
Although the perturbative models describe the dominating nonlinear processes in a very illustrative and physically clear way, such analytic treatments are essentially restricted to studies of a predefined nonlinear effect relying on a set of electromagnetic modes in a limited number of geometries allowing analytical solutions. Also, such approaches have an inherent restriction in terms of the excitation powers for which the nonlinear variations can be considered as small perturbations. These conditions significantly limit the capabilities to describe, frequently interrelated, nonlinear processes from arbitrary geometries in strong fields, which can be achieved in plasmonics.
A non-perturbative numerical model for the investigation of nonlinear interactions of light with plasmonic nanostructures can be developed on the basis of a time-domain analysis to address the nonlinear dynamics of free electrons without any additional assumptions on the nature of the interaction, which provides the opportunity to explore the interplay between various nonlinear optical processes and a geometry of the nanostructures. [101, 122, 123] Particularly, this approach gives an opportunity to explore simultaneously both bulk and surface contributions to nonlinear generation processes, as well as the efficiency of sideband generation, involving interplay between nonlinear effects. The time-domain implementation allows taking all these effects into account by coupling nonlinear hydrodynamic equations, which describe the behaviour of the electron plasma, with the Maxwell's equations to model the response to electromagnetic fields. This enables obtaining a universal, self-consistent numerical solution, free from any approximations, allowing for the investigation of nonlinear optical interactions with arbitrary spatially and temporally shaped optical pulses and opening unique opportunities to approach the description of realistic experimental scenarios. Furthermore, the developed formalism paves the way for the investigation of ultrafast dynamics in mesoscopic and nanoscopic systems with properties defined via microscopic degrees of freedom, which can be introduced in the permittivity model. We compare the existing models to the non-perturbative hydrodynamic approach in the canonical case of metallic nanorods with a circular cross-section (Figures 7 and 8) . The nonlinear scattering spectra obtained with the full model obviously shows both SH and TH contributions. Since the THG intensity grows with the third power of the fundamental intensity and the SHG does so with the second power of the fundamental intensity, the former shows a comparably faster growth with the excitation intensity (Figure 8a ). In the case of the nanorods much smaller than the wavelength, the SHG intensity scales with the diameter as ∝ d 4 , [124] and provides 5 orders of magnitude difference in the SHG intensities from the nanorods with diameters d = 200 nm and d = 12 nm. Such drastic behaviour is the result of much smaller dipolar and quadrupolar moments (both of which are retardation-related) excited at the SH frequency for the smaller nanorod.
The SHG emission diagram from the nanorod has two radiation lobes pointing predominantly in the vertical (y-) direction and showing the sum of dipole and quadrupole radiation. In the chosen geometry, the main contribution to the SHG can be identified from the convective acceleration and the Lorenz force, having comparable contributions, while the quantum pressure effects were not observed. The relative contribution of the different terms may however differ depending on a particular geometry of the nanostructure. To compare this radiation pattern to that obtained from a frequency-domain phenomenological model, Figure 8c shows the SH radiation pattern evaluated using the approximate model polarisation P s ur f 2,⊥ = χ (2) , s ur f ⊥⊥⊥ (E 2,⊥ ) 2 . [89] This assumes the perturbative regime with a nondepleted pump, relies on a quasi-Fourier separation of the harmonics, and makes the Figure 8b and c) ; however, the ratio between the dipolar and quadrupolar contributions is heavily distorted in the phenomenological model. Significant differences were also observed in the near-field of the nanorod in the third harmonic, compared with a phenomenological model based on bulk third-order susceptibility (Figure 8d and e) . Since the latter assumes third-order susceptibility to be homogeneous across the nanorod, the differences between models may be indicative of position-sensitive effective third-order susceptibility arising in the hydrodynamic description. While higher harmonic generation is also described by the same non-perturbative hydrodynamic model, sufficient numerical accuracy of the simulations is needed to observe their presence.
Nonlocal and Resonantly-enhanced Nonlinear Phenomena
Coherent Nonlinear Effects and Nonlocalitty
Another very important feature of the hydrodynamic description is its inherent ability to describe nonlocal electromagnetic effects. The hydrodynamic nonlocality is a typical example of strong electron-electron interactions between quasi-free electrons of the metal plasma and was proven to describe a variety of phenomena governing the optical response of small plasmonic structures. [38] (Please note that nonlocality discussed here has an electronic nature and is different from the nonlocality due to spatial dispersion in the effective permittivity of metamaterials, [125] which is important for their Kerr-type nonlinear response discussed below). The relative contribution of nonlocal effects to nonlinear optical properties depends on the characteristic sizes of nanostructures.
The effect of the quantum pressure can be seen from comparison of nonlinear response of plasmonic nanorods of different diameters or Archimedean spiral shaped nanostructures ( Figures  7 and 9a) . Spirals have no symmetry of any kind and, hence, are good candidates for nonlinear optical interactions as they do not obey any geometrical selection rule. [126] Initially, we consider a nonresonant excitation when the excitation frequency is lower than the lowest plasmonic resonances of both nanorods and nanospirals, in order to avoid the influence of the resonant effects. The unique ability to either include or exclude the quantum pressure term in the numerical model enables investigating the impact of nonlocality on the nonlinear generation. For large cylinders of 200 nm diameters (blue solid and dashed lines in Figure 9b ), the nonlinear scattering intensity (with linear scattering field obtained in the local approximation subtracted) shows a clear signature of higher harmonics up to the 3rd order, though no significant impact from nonlocality. For smaller cylinders of 12 nm in size, the role of the quantum pressure is more significant. At the length scale of few nm (r = 6 nm in our case), which is smaller than the mean free pass of electrons and becomes comparable with the radius of nonlocality related to the electron Fermi wavelength (ß0.5 nm), the nonlocal response starts playing an important role in the nonlinear scattering of the nanostructures. While the structure of the local and nonlocal spectra remains almost unchanged up to the 3rd harmonic (dashed and solid green lines in Figure 9b , respectively), the intensity between integer harmonics in the nonlocal case is tremendously enhanced compared with the local counterpart. The effect of nonlocality, however, is much more pronounced in the case of the spiral nanostructure (red lines in Figure 9b ). For both nanospirals and nanospheres, the enhancement rises linearly with the excitation intensity and is probably related to the nonlocality-induced change in the nanostructures' linear response over the wide spectrum of the excitation pulse and frequency mixing of generated harmonics.
Resonant Coherent Nonlinear Response
Resonant properties of plasmonic nanostructures give them a decisive advantage for the generation of high intensity nonlinear signals at the nanoscale. When the frequency of the excitation light matches the frequency of the plasmonic mode, the latter is resonantly excited, leading to pronounced enhancement of the local fields. The enhancement of the associated nonlinear signal is even more dramatic, since its intensity is proportional to higher powers of the excitation intensity, given by the order of the interaction. From this point of view, nanospirals present a very robust and efficient class of nanostructures, offering well-defined narrow resonances (Figure 9a ), which can be easily adjusted to a given frequency.
In the case of the spiral with geometrical parameters considered above, the local fields are enhanced by factors of ß35 and 50 for the first (1.2 eV) and second (2.9 eV) plasmonic resonances, respectively (Figure 9a ). Taking advantage of the flexibility of the spiral geometry, the lowest plasmonic resonance of the nanospiral was matched to the frequency of the pump (1550 nm or 0.83 eV) by increasing the angle of the spiral (and consequently its length) to the value α = 1.03 · 3π slightly above 3π (Figure 9c and d). Such optimised structure now provides the highest field enhancement at the first resonance, rather than at the second one.
As one can see by comparing the nonlinear responses of the resonant spiral to the nonresonant spiral and the nanorod (d = 200 nm), the intensity of the SHG signal increased by >5 and 4 orders of magnitude, respectively, with a further several orders of magnitude increase throughout the nonlinear supercontinuum spectrum (Figure 9e) . Comparing with the nonlinear spectrum of a nanorod with a diameter equal to the nanospiral arm width (d = 12 nm), the difference is even more striking with more than a 9 orders of magnitude increase of the SHG intensity and a 8 to 3 orders of magnitude increase of higher-harmonic intensities. Such striking difference highlights the importance of the resonant effects for enhancing the nonlinear interactions as well as the importance of topology of the nanostructure: the surface area and volume of the considered nanospirals are different by only one order of magnitude: 10 and 20 times, respectively. The effective second-order nonlinear susceptibility of a nanospiral can be estimated to be about χ (2) = 600 pm V −1 considering a spiral with the same geometrical parameters made from a uniform material with χ (2) produces the same overall SHG flux. This effective susceptibility is 20 times higher than that of lithium niobate, a commonlyused nonlinear material [127] . This value for the simulated nanostructures in the absence of nonlocal effects is consistent with the experimentally observed values of the effective second-order susceptibility of metallic nanostructures of 10 pm V −1 [126] and 3.2 pm V −1 [128] , taking into account the differences in the local field enhancements and the surface areas. The SHG enhancement is robust with respect to geometrical scaling under the resonant excitation of the fundamental nanospiral mode which size-dependent spectral position can be matched to the fundamental wavelength by varying α. The SHG intensity from a twice larger nanospiral increases by the factor of ß1.4 in accordance with a similar increase of the surface area. Also, it was demonstrated that the nature of the fundamental resonance remains the same in the most common experimental situation when the light is incident from the top at a nanospiral of finite thickness on a substrate. The resonances exhibit similar field distributions and field enhancement values (this is not surprising for the nanoscale structure size with nonessential retardation effects), which leads to the same nonlinear phenomena as discussed above.
Kerr-type Nonlinearity and Ultrafast Nonlinear Plasmonics
Controlling Light with Light
In the presence of Kerr-nonlinearity (Eq. (25)), the transmission, reflection or absorption of light at a given wavelength (signal light) can be affected by the presence of strong control light, which induces the nonlinear permittivity changes (the so-called cross-modulation). The latter signal can be either free-space light or any waveguided mode, including SPP. Alternatively, in selfmodulation realisation, light can experience self-induced nonlinear propagation phenomena, if its intensity is strong enough to induce nonlinear Kerr-effects. The latter can manifest themselves as nonlinear refraction, when refractive index of the material is changed or nonlinear absorption or transmission if the imaginary part of the refractive index is affected.
The Kerr nonlinearity of metals is very fast and, in different regimes, its time response ranges from tens of fs to few ps, depending on which electron plasma relaxation processes can be accessed with the particular nanostructure and excitation duration and power. [129] [130] [131] The use of plasmonic structures for all-optical modulation, switching and achieving optically tunable photonic properties relies on enhancing Kerr-type nonlinearities of an adjacent dielectric or a metal itself and utilising the modified refractive index via changes in scattering associated with localised surface plasmons or guiding properties of the structures relying on surface plasmon polaritons.
Plasmonic-enhanced interaction of light with light can be achieved with metal nanoparticles themselves [132] [133] [134] or bulk materials (e.g., nonlinear polymers) doped with them. [63, 135, 136] The effective third-order susceptibility is determined by the field enhancement at the control light wavelength. The excitation of such composites at the wavelength of the nanoparticle LSP resonance (ω c = ω LSP ) leads to an increase in the effective nonlinear susceptibility compared to an off-resonance excitation as described in Section 3. (absorption modulation), if the imaginary part is strongly modified. This approach can be used in both self-modulation mode, when the propagation of light is influenced by the changes due to its own intensity, or cross-modulation mode, when light at one frequency (control) influences the propagation of the light at a different frequency (signal). Recently, specifically designed plasmonic nanoantenna resonances have been used to control light scattering using the ITO free-carrier nonlinearity in the picoseconds regime. [137] The Kerrtype nonlinear change was used to realise ultrafast all-optical modulation of the transmission through plasmonic nanostructured surfaces, [138] metasurfaces, [139] gratings, [140] nanoparticle arrays, [141] SPP crystals [142, 143] , plasmonic cavities [144] and individual nanostructures. [134] Applications of plasmonically-enhanced nonlinearities for pulse polarisation control [145] and shaping [146] were also proposed. Concurrently, if surface plasmon polaritons are chosen to be signal carriers, the high sensitivity of their dispersion to the geometrical and material parameters of a structured surface where they propagate [4] brings a viable solution to the problem of on which all-optical control. In this scheme, minute changes induced in the refractive index of a nonlinear material placed on the metal surface or in metal itself would significantly influence the SPP propagation. In order to optically modulate and switch SPP signals in a waveguiding geometry, two approaches are possible, based on the control light induced changes of the real and/or imaginary part of the permittivity of the materials. The latter has been explored based on a control light induced absorption modulation due to the changes of the imaginary part of the permittivity of the plasmonic metal [142, 147] as well the dielectric forming the plasmonic waveguide. [148, 149] The variation of the real part of the metal influences the propagation of the SPP modes via modification of their phase velocity and thus, can be used in various phasesensitive configurations such as Mach-Zehnder interferometers (MZI) or waveguide-ring resonators (WRR). [150] [151] [152] [153] In plasmonic crystals, the free-electron nonlinearity of Au has been used to control the SPP excitation with sub-ps response times determined by the electron relaxation. [142, 143] Finally, not only linear, but also nonlinear properties of plasmonic nanostructures can be controlled via Kerr nonlinearity in metal on an ultra-fast timescale. The all-optical control of SHG and THG from cut-disk-based metasurfaces was experimentally realised showing significant variation of SHG intensity (up to 20%) with control light illumination (Figure 10) . [154] 
Nonlinear Plasmonic Metamaterials
Plasmonic metamaterials provide additional opportunities for utilising nonlinear effects for all-optical switching, since not only the plasmonic resonances of individual nanostructures but the interaction between them in the metamaterial can be influenced. Optical properties of metamaterials are determined by plasmonic resonances of the constituents, e.g., SRRs or nanorods, as well as the electromagnetic coupling between them. [155] The nonlinearity of plasmonic SRRs in the metamaterials has been used to achieve very fast modulation times under 100 fs using the intrinsic nonlinearity of gold under two-photon excitation. [156] In Figure 10 . a) Sketch of the experimental setup for ultrafast optical modulation measurements of second-and third-harmonic generation from cut-disk-based metasurfaces. Inset shows an SEM (scanning electron microscopy) image of the metasurface with the marked unit cell metallic element. Second harmonic modulation signal from b) pump and c) probe pulses. Reproduced with permission. [154] Copyright 2016, American Chemical Society.
contrast to plasmonic crystals, metamaterials have characteristic sizes of the elements and separations between them much smaller than the operating wavelength, so that they can be described by introducing effective medium parameters through the averaging over many periods. While such effective medium approach describes the linear optical properties of metamaterials (reflection, transmission and absorption) well, it should be applied to treatment of nonlinear optical properties with caution as it does not take into account the local fields inside the metamaterial composites which can vary significantly. [157] (For the same reason, it also is not applicable for the description of the Purcell effect for the emitters inside the metamaterial. [158, 159] ) The extension of the effective medium model taking into account local field variation via spatial-dispersion effects may alleviate this problem in some cases, in particular in the case of hyperbolic metamaterials. [158, [160] [161] [162] Plasmonic metamaterials also provide an opportunity to develop a new approach to the enhancement of nonlinearity utilising the effects which arise in the epsilon-near-zero (ENZ) regime, [160, 163] when the real part of the effective medium permittivity of the metamaterial is close to zero. In this case, nonlocal spatial dispersion effects become important. In particular, this happens in a metamaterial formed by an array of vertically aligned metallic nanorods (Figure 11a) for the permittivity component in the direction parallel to their axes. The nonlocal effects depend strongly on the losses in the system and can be significantly modified by controlling loss in the Au nanorods. The modulation is based on nonlinear response of Au under the interband excitation, leading to the significant changes of Im(ε) of Au, which results in very strong changes of the metamaterial transmission due to modification of the nonlocal response. Reproduced with permission. [163] Copyright 2011, Macmillan Publishers Limited. c) Nonlinear absorption and d) nonlinear refraction coefficients for the nanorod array metamaterial calculated using a finite element method for different angles of incidence and wavelengths. Reproduced with permission. [74] Copyright 2016, Macmillan Publishers Limited.
The transmission changes of up to 80% with a sub-picosecond response time have been observed for nanorod-based metamaterials (Figure 11b ). To achieve this performance in 100 × 100 nm 2 devices, 10 fJ pulses are sufficient. [163] Such metamaterials can also be integrated in nanophotonic waveguides, e.g., Si waveguides, to provide very efficient all-optical modulation and switching of the guided signals using all-optically controlled coupling between waveguide and metamaterial modes. [164] The operation performance of such metamaterial-based modulator is comparable with other integrated all-optical counterparts. [165] The strong Kerr nonlinearity of metals is significantly restricted to the spectral range of the interband electronic transitions where efficient excitation of electrons to the conduction band takes place, leading to the strongest nonlinear response. This nonlinearity becomes weaker at frequencies away from the interband absorption, limiting its usefulness to the (near) ultraviolet spectral range of the control light wavelength. On the other hand, the strong absorption near the interband resonance, in many cases, prohibits useful applications when the signal light, which may be controlled by this nonlinearity, overlaps with this spectral range. If, however, Au nanostructures form a hyperbolic-type metamaterial, the nonlinearity near the effective plasma frequency [166] of the metamaterial where the ENZ-regime is achieved, is strongly enhanced. [163] Not only the enhanced nonlinear response but the sign of the nonlinearity at the required wavelength can be engineered by changing the geometrical parameters of the nanorod metamaterial. [74] The z-scan measurements allow the direct determination of the nonlinear refraction, γ , and nonlinear absorption, β, coefficients related to an intensity-dependent, complex-valued effective refractive index of the metamaterialñ = n + iα/(2k 0 ), k 0 being the light wave vector and n(I) = n 0 + γ I and α(I) = α 0 + β I, where n 0 and α 0 are the linear refractive index and the absorption, respectively, and I is the intensity of the incident light. As a consequence of the metamaterial's anisotropy, the retrieved effective values of nonlinear refraction γ (θ ) and nonlinear absorption β(θ ) coefficients for a specific angle of incidence θ i that can be related to the components of the effective third-order nonlinearity tensor of the anisotropic metamaterial as [74] 
is the angledependent but nonresonant term, ε 0 xx and ε 0 zz are the components of an effective linear permittivity tensor of the metamaterial, χ (3) xxzz and χ (3) zzzz are the components of a third-order nonlinear susceptibility tensor, dominant for the transverse magnetic polarized (TM) light, ε s is the permittivity of the medium adjacent to the metamaterial from the side of the incident light, and |E 0 | is the incident electric field amplitude. One can see that near the effective plasma frequency when ε 0 zz is close to zero, the effective nonlinearity is greatly enhanced.
The largest nonlinearity was experimentally measured in these conditions corresponds to γ ≈ −2.4 × 10 −11 cm 2 W −1 and β ≈ −9967 cm GW −1 . At the same wavelengths, |γ | and |β| of the nanorod metamaterial are approximately 20 and 100 times larger than those measured for a smooth Au film. [57] Surprisingly, the maximum value obtained for γ and β for the metamaterial away from Au interband transitions is larger than the maximum values measured for a smooth gold film close to the interband transition where they usually are the highest. While in the studied range of frequencies, the nonlinearity of smooth Au is always positive (induced absorption and focusing nonlinearity), the Au nanorod metamaterial can provide either induced absorption, transparency, focusing or defocusing nonlinearity, depending on the combination of light wavelength and angle of incidence (Figure 11c and d) . Thus, not only the strength but also the sign of the nonlinearity can be designed with plasmonic metamaterials.
The wavelength at which the strongest nonlinearity is observed can be engineered and pre-defined at the fabrication stage by setting the proper geometrical structure with the same constituent materials. Therefore, an artificial optical material with a strong nonlinear response can be realised at the wavelengths where the constituent materials have negligible nonlinearity. As an example, in Ref. [74] a nonlinear Au nanorod metamaterial was designed for the telecommunication spectral range where Au has a negligible nonlinear response.
It should be noted that the condition on the nonlinearity enhancement in the ENZ regime similar to that given by Eq. (48) is also valid for conventional plasmonic materials. Very strong nonlinearity was observed for thin ITO films at the plasma frequency in the telecommunication spectral range [167] as well as using semiconductor plasmonic nanocrystals. [168] 
Nonlinear Surface Plasmon Polaritons
Ultrafast plasmonic Kerr nonlinearity can substantially influence the propagation of the SPP modes at the metal/dielectric interface, particularly in the case of dielectrics lacking a strong nonlinear response. [169] For example, it was shown both theoretically [170] Nonlinearity may lead to completely unexpected behaviour of SPPs. In a linear case, when considering nonmagnetic media, SPPs are always TM-polarised surface waves. However, if the Kerr-type nonlinearity is introduced, transverse electric (TE) -polarised nonlinear surface waves may exist at the interface between a nonlinear dielectric and a linear metal or a linear dielectric and a nonlinear metal. [8] The former case has more stringent requirements on nonlinearity of the dielectric (it should be defocusing and stronger than the nonlinearity of metal), while the latter case can always be achieved considering free-carrier nonlinearity of metals under strong enough intensity of the exciting light. Propagation of high-intensity SPPs at the interfaces bounded by a nonlinear medium also results in other interesting phenomena such as self-phase modulation [171] and soliton-like behaviour of plasmonic waves. In this section, several nonlinear phenomena influencing the propagation of SPPs with the nonlinearity stemming either from the metal or the dielectric components of a plasmonic waveguide will be discussed.
Nonlinear SPP Modes due to Ponderomotive Nonlinearity
General nonlinear phenomena in planar SPP waveguides were extensively studied and various combinations of the nonlinearities were considered. [172] The propagation of SPP modes is affected by the third-order nonlinearity even in the most basic SPP supporting structure: a single metal-dielectric interface. [50] At the wavelengths longer than the inter-band transitions range, the third-order nonlinearity can be attributed to the previously discussed ponderomotive forces. This dynamic phenomenon, having a direct counterpart in classical plasmas, leads to repelling of electrons from the region of the high field intensity. As the result, the corresponding nonlinear effect is related to electron depletion in the high-intensity regions that are located just at the metal-air boundary. The linear effective index of the SPP mode is given by (ε m + ε d )/ε m ε d , where ε m and ε d are the permittivities of the metal and dielectric media, respectively. As a result of the carriers' depletion next to the guiding boundary, the negative metal permittivity near the interface becomes less negative, and may approach a critical value of ε m = −ε d . At this condition, the SPP mode approaches its cut-off. For light intensity corresponding to this critical value, the intensity-induced modal reshaping results in equal, but opposite, power flows in the metal and the dielectric. The corresponding SPP intensity-dependent nonlinear dispersion relations show the intensity dependent cut-off wavelengths for the nonlinear SPP modes (Figure 12 ).
Cascaded Plasmon-solitons due to Second-order Nonlinearity
Second-order nonlinearity can lead to spatial soliton wave formation via the effect of second-harmonic generation, as was theoretically predicted [173] and experimentally demonstrated in, e.g., potassium titanyl phosphate (KTP) crystals [174] and planar LiNbO 3 waveguides. [175] The principle behind such spatial solitons is the collinear propagation of two beams, one at fundamen- tal and another at the second-harmonic frequency. These beams exchange their energies via the second-order polarisability, which coined the term 'cascaded χ (2) solitons'. Such an exchange provides the maximum phase delay at the region of high intensity, resulting in self-focusing. This nonlinear phenomenon provides many opportunities for applications and fundamental studies of solitonic effects. [176] Here, following Ref. [177] , we illustrate the concept of cascaded χ (2) SPPs propagating at the interface between a linear dielectric and a metal with the nonlinearity described by the hydrodynamic model. Two co-propagating SPP beams, one at ω, another at 2ω, are considered to be nonlinearly coupled through the nonlinear polarisation of the metal.
SPP modes are strongly confined to the metal-dielectric interface where the nonlinear interactions take place. The mismatch between the effective refractive indices of the fundamental and the second-harmonic beams, reflecting the dispersion of the SPP waves and determining the essential phase relations between the waves, should be taken into account. The finite propagation distance of SPPs, which is determined by Ohmic losses in the metal plays a significant role in the formation of this type of solitons.
The SPP beams at the fundamental and second-harmonic frequencies propagate collinearly along the z-axis with transverse field profiles described by Gaussian distributions. Comparing the evolution of the SPP profiles during the propagation in linear and nonlinear regimes, the formation of the solitons can be observed (Figure 13) . The intensity distributions |E 1,2x | 2 obtained in the linear (uncoupled) regime show typical diffraction-governed propagation for both fundamental and second-harmonic SPP beams (Figure 13a and d) . When the SPP intensity is gradually increased so that the nonlinear interaction is introduced, the intensity distributions become deviating from that in the linear propagation regime. The observed intensity fringes are defined by the mismatch between the SPP effective indices at the two frequencies. At the same time, the energy exchange between the beams can be seen: the maximum intensity of one beam corresponds to the minimum intensity of the other (Figure 13c and f) . Furthermore, the effect of narrowing of the SPP beams, driven by the nonlinearity, can be seen in the decrease in the average beam width at both the fundamental frequency and the secondharmonic frequency. The largest modulation of the intensity profiles is in the centres of the beams, where intensities are the highest and the nonlinear coupling is the strongest.
The efficiency of this soliton formation process can be increased if the phase matching between the fundamental and second-harmonic SPPs is achieved. This can be introduced using as the SPP-supporting interface a dielectric medium with anomalous dispersion to compensate for the SPP dispersion: Re(n e f f 1 ) = Re(n e f f 2 ).
[1] The evolution of the SPP beams in both linear and nonlinear regimes in this case shows the evident transformation of the SPP modes into highly localised nondiffracting solitons, allowing to achieve SPP beams with a narrower spatial profile than in the absence of the phase matching. SPP selffocusing effect occurring near the excitation boundary was also observed (Figure 13i and l).
Conclusion
Various nanoplasmonic platforms based on planar and structured plasmonic-dielectric interfaces, plasmonic nanoparticles and their composites, as well as plasmonic metamaterials, facilitate enhancement and engineering of many nonlinear phenomena. Both spectrum and value of effective nonlinear susceptibilities can be manipulated in plasmonic environment. Nonlinear response can be introduced either by adjacent nonlinear optical materials in hybrid plasmonic structures or solely aided by inherent nonlinearities in plasmonic nanostructures themselves. In all cases, plasmonic structures provide strong field enhancement near the interfaces as well as flexible control over modal dispersions and strong sensitivity to the refractive index changes. All this enables plasmonic nanostructures to achieve both coherent and Kerr-type nonlinear responses on deep subwavelength scales, where majority of conventional dielectric components fail due to natural limitations, set by the diffraction limit and low values of nonlinearities requiring either long propagation range or very high light intensities. Flexible near-field manipulation in the vicinity of the nanostructures allows making use of spatially varying vectorial electromagnetic fields, and, thus, provides an opportunity to access all components of the nonlinear susceptibility tensor.
Another very important advantage of materials with free electrons in the field of nonlinear optics is their inherent and ultrafast nonlinear response due to the complex dynamics of electrons in strong electromagnetic fields. The most widely used models for describing this nontrivial electron dynamics in nanostructures are the hydrodynamic model, describing a free electron plasma with collective interactions between electrons, and the two-temperature model, taking into account non-equilibrium statistics of the carriers under optical excitation. Both models and In this review, we gave a brief general overview of the field of nonlinear plasmonics in a full hydrodynamic description. After discussing the origins of various nonlinear phenomena, plasmonic approaches for tailoring and enhancing nonlinearity were outlined, each time giving an illustration of the related vivid physical phenomena. This included coherent nonlinear effects, such as harmonic generation at the nanoscale and nonlinear coupling of plasmonic resonances (an analogue of phase-matching at the macroscale). A hydrodynamic time-domain numerical model was reviewed for coherent interactions of free-carrier plasma in a nanostructure of an arbitrary shape with an optical pulse of an arbitrary temporal profile, without any approximations. The approach allows to address the phenomena of multiple and resonantly-enhanced harmonic generation as well as reveals the interplay between the nonlinear effects and a topology of the nanostructure. Ultrafast Kerr-type nonlinearity due to the saturation of interband transitions and heating of a free-electron gas in the conduction band was overviewed with a particular example of engineering magnitude, spectrum and sign of the nonlinearity using a plasmonic nanorod metamaterial. At a designed wavelength, the metamaterial can provide either induced absorption or transparency and focusing or defocusing nonlinearity, depending on its geometrical parameters, opening up opportunities for custom-engineered nonlinear materials for switching and modulation of light with light. Nonlinear surface waves on the interfaces between linear and nonlinear media, including plasmon solitons and cascaded SPP solitons, were also briefly overviewed.
The use of plasmonic nanostructures in nonlinear optics has allowed to move nonlinear optical processes in a realm of integrated photonics as well as to demonstrate low-light intensity nonlinear effects for free-standing optical applications. Switching, controlling, routing and manipulating of light with light is a difficult but rewarding problem with the applications ranging from on-chip optical data processing and routing to nonlinear optical components for optical communication networks and laser applications. Plasmonics has helped to demonstrate many nonlinear optical effects on the subwavelength scales as well as in macroscopic implementations with much reduced required powers of light. Until recently, nonlinear plasmonic effects have mainly been demonstrated with conventional plasmonic materials, such as Au, Ag and Al. Unconventional phase changing plasmonic materials, such as Ga [147, 178, 179] as well as ferromagnetic materials (Ni, Co) with a plasmonic response in visible and ultraviolet spectral regions were also considered. [180] [181] [182] [183] [184] The development of a new type of plasmonic semiconductors based on nitrites and oxides, such as TiN, ITO, doped ZnO, as well as twodimensional materials using plasmonic properties of graphene and transition metal dichalcogenides, including topological insulators and "Dirac-cone" materials, and plasmonic quantum dots has already started to provide a new push in nonlinear plasmonics. [185] [186] [187] [188] [189] [190] [191] [192] [193] [194] The use of new features that become accessible with the new materials as well as possible to engineer via appropriate nanostructuring in composite metamaterial arrangements, e.g., epsilon-near-zero behaviour in technologically relevant spectral ranges, additionally enhances practical applications of nonlinear plasmonic components. Modern fabrication technologies have permitted the achievement of fine nanoscale control over the plasmonic geometries which allowed flexible tuning of their resonances to succeed in the design of high effective nonlinearities at the desired wavelengths and with short response times. We believe that the future of nonlinear optics in its various facets of free-space, integrated or quantum nanophotonic technologies will be shaped by nonlinear plasmonics.
